
Femtosecond spectral interferometry of optical activity: Theory
Hanju Rhee,1 Jeong-Hyon Ha,2 Seung-Joon Jeon,1,2 and Minhaeng Cho1,2,a�

1Department of Chemistry and Center for Multidimensional Spectroscopy, Korea University,
Seoul 136-701, Republic of Korea
2Multidimensional Spectroscopy Laboratory, Korea Basic Science Institute, Seoul 136-713,
Republic of Korea

�Received 27 March 2008; accepted 15 July 2008; published online 4 September 2008�

Optical activities such as circular dichroism �CD� and optical rotatory dispersion �ORD� are
manifested by almost all natural products. However, the CD is an extremely weak effect so that
time-resolved CD spectroscopy has been found to be experimentally difficult and even impossible
for vibrational CD with current technology. Here, we show that the weak-signal and nonzero
background problems can be overcome by heterodyned spectral interferometric detection of the
phase and amplitude of optical activity free-induction-decay �OA FID� field. A detailed theoretical
description and a cross-polarization scheme for selectively measuring the OA FID are presented and
discussed. It is shown that the parallel and perpendicular electric fields when the solution sample
contains chiral molecules are coupled to each other. Therefore, simultaneous spectral interferometric
measurements of the parallel and perpendicular FID fields can provide the complex susceptibility,
which is associated with the circular dichroism and optical rotatory dispersion as its imaginary and
real parts, respectively. On the basis of the theoretical results, to examine its experimental
possibility, we present numerical simulations for a model system. We anticipate the method
discussed here to be a valuable tool for detecting electronic or vibrational optical activity in
femtosecond time scale. © 2008 American Institute of Physics. �DOI: 10.1063/1.2968130�

I. INTRODUCTION

Circular dichroism �CD� spectroscopy is to measure the
differential absorption coefficients of chiral molecules when
the incident radiation is left- and right-circularly polarized
�LCP and RCP�.1 The electronic and vibrational CD �VCD�
spectroscopy has been applied to a wide range of chemical
and biological systems in condensed phases, and particularly
it has been shown to be an incisive tool to determine the
secondary structure of polypeptide in a thermal equilibrium
state.1 However, to study dynamical evolution of biomol-
ecules when they are participated in biological reactions or
undergo conformational transitions, it has been necessary to
develop time-resolved CD spectroscopic techniques. In this
regard, there have been a number of efforts to shorten the
time scale achievable by thus developed time-resolved CD
spectrometer.2–8 In the case of electronic CD, it was shown
that nanosecond CD measurement can be achieved by detect-
ing the difference between the left-elliptically polarized
�LEP� and right-elliptically polarized �REP� beam interac-
tions with chiral molecular solution2–4,9 or by measuring the
optical rotatory dispersion �ORD� spectrum with a quasinull
geometry.10–12 Note that the ORD spectrum is in principle
related to the CD spectrum via the Kramers–Kronig
transformation.1 Alternative approaches were also accom-
plished by combining an ultrashort laser with an electro-
optic modulator or a Babinet–Soleil compensator to measure
picosecond electronic CD or ORD.13,14 Xie and Simon13

have developed a picosecond time-resolved CD spectrometer
employing a picosecond dye laser and a Pockels’ cell and
observed ultrafast dynamics occurring in the tertiary struc-
ture of �carbon monoxy�myoglobin after the photodissocia-
tion of CO.6

Often, certain chemical and biochemical reactions in-
volve ultrafast structural or conformational changes in time
scale ranging from femtosecond to subnanosecond, e.g., en-
zyme catalysis, early parts of protein folding and unfolding,
chemical reaction dynamics involving chiral reactants or
products, etc. To enable us to follow the chirality changes of
these reactive systems in time, one might need an ultrafast
CD spectroscopy that operates in subpicosecond time scale.
However, conventional time-resolved CD is based on the dif-
ferential measurement technique, i.e., �A=ALCP−ARCP or
�A=ALEP−AREP. Consequently, it has been quite difficult to
discriminate miniscule CD signals from the large achiral
background signal. Here, we theoretically show that the op-
tical activity free induction decay �OA FID� measurement
can be possible if its detection is performed by using the
heterodyned spectral interferometric detection15–30 scheme.
Recently, Abramavicius and Mukamel31,32 theoretically
showed that the nonlinear optical activity can be studied by
considering the polarization beyond the electric dipole ap-
proximation. Note that the spectral interferometry has been
known to be extremely useful for measuring very weak-
signal field in the frequency domain by using a multichannel
array detector.15,17–22,24,25,33 Instead of time-domain interfer-
ence measurement technique, the spectral interferometry has
been found to be exceptionally useful in quantitatively deter-
mining both the amplitude and the phase of the weak-signal
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field.19,21 We demonstrate that a particular choice of polar-
ization directions of the incident beam and detected FID field
enables one to selectively measure the OA FID signal field
so that the weak-signal and large background problems of
the conventional CD measurement technique can be over-
come by the technique theoretically proposed here. In addi-
tion, numerical simulation results will be presented to exam-
ine the experimental possibility of spectral interferometric
detection of the OA FID signal field in femtosecond time
scale.

II. LINEAR RESPONSE THEORY

From the minimal coupling Hamiltonian, the radiation-
molecule interaction energy is34

HI = −
e

mc
A�r,t� · p , �1�

where A is the vector potential and p is the quantum
mechanical momentum operator. The vector potential is
assumed to be given as

A�r,t� = �A0f�t�cos�k · r − �ct� , �2�

where � is the unit vector, A0 the amplitude, f�t� the temporal
envelop function that is real, k the wavevector, and �c the
center frequency. Combining Eqs. �1� and �2�, one can re-
write the interaction Hamiltonian as

HI = − U�k�F�t� − U�− k�F��t� , �3�

with

U�k�=
eA0

2mc
eik·r�� · p�=

eA0

2mc
�� · p� +

ieA0

2mc
�k · r��� · p� + ¯

F�t� = f�t�e−i�ct. �4�

The first and second terms in Eq. �3� are known to cause
absorption and stimulated emission, respectively. Since we
will consider an absorption process of a molecule in the
ground state, it is sufficient to take into consideration of the
first term in Eq. �3�.

It is assumed that there is no equilibrium dipole moment
of the solution sample and that the solution sample is trans-
lationally invariant and time stationary. Then, from the linear
response theory,35 the average dipole ���t�� is given as

���t�� = �
0

t

d���t − ��F��� , �5�

where the vectorial linear response �or after effect� function
is defined as

��t� =
i

�
����t�,U�k���� . �6�

Here the time evolution of the operator is described in the
Heisenberg representation, e.g., ��t�=e−iH0t/��e−iH0t/� and
U�k� is the operator at time zero. � is the canonical density
operator given as a product of system and bath terms as
�=�S�B. From the definition of the macroscopic polarization
P�t�, we have

P�t� =
N

V
���t�� =

N

V
�

0

t

d���t − ��F��� , �7�

where N and V are the number of molecules and volume,
respectively. Inserting U�k� in Eq. �4� into Eq. �6� and con-
sidering the first two terms in the series expansion of U�k�
with respect to k, one can obtain the linear response function
as

��t� =
eA0

2mc
� i

�
	
�0�t� + �1�t�� , �8�

where

�0�t� = ����t�,� · p�0���� , �9�

�1�t� = ����t�,i�k · r�0���� · p�0����� . �10�

Now, using the relationship between p and r operators, p
= �im /���H0 ,r�, and assuming that the ground state is only
populated at room temperature, i.e., �S= �g��g�, we find that
�0�t� is given as

�0�t� =
im

e


e

�eg
��ge�t��� · �eg�0���B�B

+ ��� · �ge�0���eg�t��B�B� , �11�

where �ge�t�= �g���t��e� and �eg= �Ee−Eg� /�. In Eq. �11�,
�¯�B is the trace operation over the bath eigenstates. It
should be noted that �ge�t� is highly oscillating and approxi-
mately proportional to exp�−i�egt�. In a resonant condition,
�eg in the first �second� term of Eq. �11� can be replaced with
�c �−�c�. Therefore, we have

�0�t� =
im�c

e
����t�,�� · ��0����� . �12�

Note that thus obtained �0�t� in Eq. �12� differs from the
usual dipole-dipole impulsive response function by a con-
stant factor.

We next consider the second term �1�t� in Eq. �8�. Using
the property of cross product, one can rewrite �1�t� as a sum
of two terms, i.e.,

�1�t� = �M�t� + �Q�t� , �13�

where �M�t� and �Q�t� are the electric dipole–magnetic di-
pole term and the electric dipole–electric quadrupole term,
respectively, and they are given as

�M�t� =
i

2
����t�,�k � �� · �r�0� � p�0����� , �14�

�Q�t� =
i

2
����t�,�k · r�0���� · p�0�� + �� · r�0��

��k · p�0����� . �15�

Since the magnetic dipole operator is defined as M
= �e /2mc�L= �e /2mc�r�p, Eq. �14� can be rewritten as
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�M�t� =
imc

e
����t�,�k � �� · �M�0����� . �16�

From the definition of electric quadrupole operator
Q=e2i,jrir j and using the following operator identity,
p= �im /���H0 ,r�, we find that the electric dipole–electric
quadrupole response function is

�Q�t� = −
m�c

2e2 ����t�,� · Q�0� · k��� . �17�

Combining all three contributions to ��t�, which were
given in Eqs. �12�, �16�, and �17�, we find that the linear
response function is, in general, given as

��t� =
iA0�c

2c
� i

�
	����t�,�� · ��0�����

+
iA0

2
� i

�
	����t�,�k � �� · �M�0�����

−
A0�c

4ec
� i

�
	����t�,� · Q�0� · k��� . �18�

The second term represents the molecular response when the
molecular magnetic dipole interacts with the magnetic field
of the incident beam. The third term describes the response
to the electric quadrupole–electric field interaction. The re-
sults above are, however, not complete yet because the mac-
roscopic polarization includes additional contributions from
magnetic dipole and electric quadrupole terms that are

�M�t��� k̂ and �i /2�k · �Q�t��. By including the lowest order
contributions to the linear polarization, the response function
in Eq. �18�� is found to be

��t� =
iA0�c

2c
� i

�
	����t�,�� · ��0�����

+
iA0

2
� i

�
	����t�,�k � �� · �M�0�����

−
A0�c

4ec
� i

�
	����t�,� · Q�0� · k���

+
iA0

2
� i

�
	��M�t� � k,� · ��0����

−
A0�c

4ec
� i

�
	��Q�t� · k,� · ��0���� . �18’�

Hereafter, we will consider two cases when the polarization
properties of incident beam and detected signal field are spe-
cifically controlled to measure the optical activity of chiral
molecule in solution.

III. RESPONSE FUNCTION OF OPTICAL ACTIVITY:
CD AND ORD

The CD is characterized by the differential absorption,
�A=ALCP−ARCP, of LCP and RCP beams by chiral mol-
ecules, whereas the ORD the differential index of refraction,
in other words, the circular birefringence, �n=nL−nR. In the
case of the frequency-domain CD spectroscopy, the absor-
bances ALCP and ARCP are separately measured and only

when the molecule under investigation is chiral, �A does not
vanish. It is well known that the CD intensity is linearly
proportional to the so-called rotational strength defined as
Reg=Im��ge ·Meg�.1 On the other hand, in the ORD spectros-
copy, the optical rotation of linearly polarized beam caused
by the circular birefringence is actually measured instead of
�n. In the present section, we will provide a time-domain
description of the OA spectroscopy by considering the asso-
ciated polarizations when the incident pulsed beam is con-
trolled to be either LCP or RCP.

Without loss of generality, we will assume that the beam
propagation direction is along the Z-axis in a space-fixed

frame. Therefore, k̂=k / �k�= ẑ. The X-component of the mac-
roscopic polarization Px�t� can be directly detected by em-
ploying either spectral interferometric or upconversion de-
tection method.36 If the spectral interferometry is used to
obtain the spectrum of Px�t�, one can determine both the
amplitude and phase of Px�t� as will be discussed later in this
paper. On the other hand, if an upconversion technique is
used, only the amplitude of Px�t� can be detected.

In order to derive expressions for Px�t� when the incident
beam is either LCP or RCP, it is necessary to consider the
radiation property of LCP and RCP beams first. The unit
vectors of the LCP and RCP radiations are given as �L= �x̂
+ iŷ� /�2 and �R= �x̂− iŷ� /�2. Then, from the general expres-
sion for P�t� in Eq. �7� with Eq. �18�, the Px�t�’s for the LCP
and RCP beams are found to be

Px
L,R�t� =

N

V
�

0

t

d��x
L,R�t − ��F��� , �19�

and

�x
L�t� =

iA0�c

2�2c
� i

�
	���x�t�,�x�0� + i�y�0���� +

iA0�c

2�2c
� i

�
	

����x�t�,My�0� − iMx�0���� +
iA0�c

2�2c
� i

�
	

���My�t�,�x�0� + i�y�0���� −
A0�c

2

4�2ec2� i

�
	

����x�t�,Qxz�0� + iQyz�0���� −
A0�c

2

4�2ec2� i

�
	

���Qxz�t�,�x�0� + i�y�0����

�x
R�t� =

iA0�c

2�2c
� i

�
	���x�t�,�x�0� − i�y�0���� +

iA0�c

2�2c
� i

�
	

����x�t�,My�0� + iMx�0���� +
iA0�c

2�2c
� i

�
	

���My�t�,�x�0� − i�y�0���� −
A0�c

2

4�2ec2� i

�
	

����x�t�,Qxz�0� − iQyz�0���� −
A0�c

2

4�2ec2� i

�
	

���Qxz�t�,�x�0� − i�y�0���� . �20�

Therefore, the difference polarization �Px�t�, which is the
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chiral polarization defined as �Px�t�= Px
L�t�− Px

R�t�, is found
to be

�Px�t� =
N

V
�

0

t

d���x
OA�t − ��F��� , �21�

with

��x
OA�t� = −

A0�c

�2c
Rxy

e−e�t� +
iA0�c

�2c
Rxx

e−m�t�

−
iA0�c

2

2�2ec2
Rxyz

e−q�t� , �22�

where

Rxy
e−e�t� = � i

�
	���x�t�,�y�0���� , �23�

Rxx
e−m�t� = � i

�
	���x�t�,− iMx�0����

+ � i

�
	��Mx�t�,i�x�0���� , �24�

Rxyz
e−q�t� = � i

�
	���x�t�,Qyz�0���� + � i

�
	��Qxz�t�,�y�0���� .

�25�

Here, Rij
e−e�t�, Rij

e−m�t�, and Rijk
e−q�t� indicate the electric

dipole–electric dipole, the electric dipole–magnetic dipole,
and the electric dipole–electric quadrupole response func-
tions,
respectively, and i, j, and k are the specific polarization
directions.

The next step is to perform the rotational averaging of
�Px�t� for randomly oriented chiral molecules in an isotropic
medium. Since the only rotationally invariant second- and
third-rank tensors are the Kronecker delta and Levi–Civita
epsilon, respectively,37 the first term in Eq. �22� vanishes.
Second, the third term also vanishes because the quadrupole
tensor is symmetric whereas the Levi–Civita epsilon tensor
is antisymmetric. Consequently, the time-domain chiral
polarization associated with the optical activity is given as

�Px�t� =
N

V� iA0�c

�2c
	�

0

t

d�Rxx
e−m�t − ��F��� . �26�

Note that the difference �chiral� polarization is determined by
the electric dipole–magnetic dipole response function. One
can make a connection of this result to the conventional
differential expression for the OA.

IV. DIFFERENTIAL ABSORPTION COEFFICIENT AND
CIRCULAR BIREFRINGENCE

The real and imaginary parts of the susceptibility are
related to the frequency-dependent index of refraction and
absorption coefficient, respectively. The absorbance associ-
ated with a transition from �g� to �e� state is linearly propor-
tional to the dipole strength �ge ·�eg, whereas the OA inten-
sity is to the rotational strength defined as Im��ge ·Meg�.

Now, from the polarizations in Eq. �19�, one can obtain an
expression for the frequency-dependent index of refraction
and absorption coefficient by following the standard proce-
dure. First of all, it should be noted that the amplitude of the
vector potential is related to that of the electric field as E0

= i�cA0 /c. Also, by considering the rotational average of
Eq. �20�, the polarization Px

L�t�, which corresponds to the
case when the incident beam is LCP and when the
X-component of the polarization vector is detected, is given
as

Px
L�t� =

1
�2
�

0

t

d�	L�t − ��E��� , �27�

where E�t�=E0F�t� and

	L�t� =
N

2V

Rxx

e−e�t� + Rxx
e−m�t�� . �28�

Defining the Fourier transform of 	L�t� as

	L��� = �
0




d�	L�t�ei�t �29�

and separating the real and imaginary parts of 	L��� as

	L��� = 	L���� + i	L���� , �30�

we find

	L���� =
N

2V
�

0




dt
Rxx
e−e�t� + Rxx

e−m�t��cos �t �31�

	L���� =
N

2V
�

0




dt
Rxx
e−e�t� + Rxx

e−m�t��sin �t . �32�

By using the damped oscillator model, the response func-
tions in Eq. �28� can be approximately written as

Rxx
e−e�t� = 

j

�x,j
2 e−�jt/2 sin � jt , �33�

Rxx
e−m�t� = 

j

Im��x,jMx,j�e−�jt/2 sin � jt . �34�

Here, the transition electric and magnetic dipole matrix ele-
ments are denoted as �x,j and Mx,j, respectively. The transi-
tion frequency and dephasing constant are � j and � j. Insert-
ing Eqs. �33� and �34� into Eqs. �31� and �32�, we have

	L���� =
N

4V


j


�x,j
2 + Im��x,jMx,j��� − �� − � j�

�� − � j�2 + � j
2/4

+
�� + � j�

�� + � j�2 + � j
2/4	 , �35�

	L���� =
N

4V


j


�x,j
2 + Im��x,jMx,j��� � j/2

�� − � j�2 + � j
2/4

−
� j/2

�� + � j�2 + � j
2/4	 . �36�

Usually, �x,j
2 � Im��x,jMx,j� so that the absorption coefficient

is determined by the dipole strength. One can obtain the

094507-4 Rhee et al. J. Chem. Phys. 129, 094507 �2008�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



similar expression for 	R���� and 	R����, which are identical
to Eqs. �35� and �36�, respectively, and except that the sign of
Im��x,jMx,j� changes. For 1+4	L,R� ����4	L,R� ���, the in-
dices of refraction of LCP and RCP are given by nL,R���
= �1+4	L,R� ����1/2 and thus the circular birefringence,
�n���=nL−nR, can be expressed as

�n��� =
2

n���

	L���� − 	R�����

=
N

n���V
j


Im��x,jMx,j��� − �� − � j�
�� − � j�2 + � j

2/4

+
�� + � j�

�� + � j�2 + � j
2/4	 , �37�

where n��� is the mean index of refraction. Within the rotat-
ing wave approximation, only the first term is taken to de-
scribe the circular birefringence in the positive frequency
range as

�n��� =
− N

n���V
j

Im��x,jMx,j�
� − � j

�� − � j�2 + � j
2/4

. �38�

Next, let us consider the differential absorption coefficient.
From the definition of the absorption coefficient,35

�a��� =
4�

n���c
	���� , �39�

and similarly, we confirm that the CD spectrum, which is the
difference between the two absorption coefficients of chiral
molecules for LCP and RCP beams, is given as

��a��� =
4�

n���c

	L���� − 	R�����

=
�2�N

n���cV


j

Im��x,jMx,j�
� j/2

�� − � j�2 + � j
2/4

. �40�

If the transition electric and magnetic dipole vectors in a
molecule-fixed frame are denoted as � j

M and M j
M, respec-

tively, one can rewrite Im��x,jMx,j� as �1 /3�Im�� j
M ·M j

M� so
that

��a��� =
�2�N

3n���cV


j

Im�� j
M · M j

M�
� j/2

�� − � j�2 + � j
2/4

.

�41�

One can use different models for dephasing process such as
inhomogeneous line broadening, Kubo theory, Brownian os-
cillator model,35 bilinearly coupled harmonic oscillator bath
model,38 etc., but the main features revealed by Eq. �41�
remain the same. The results in this section will be directly
compared to the novel cross-polarization measurement
method for time-resolved OA spectroscopy discussed in the
following section.

V. PERPENDICULAR DETECTION METHOD FOR OA
MEASUREMENT

In practice, when a CD experiment is performed one
should measure the difference in absorbance of LCP and

RCP beams. Typically, the CD signal intensity is four to six
orders of magnitude smaller than the electric-dipole-allowed
absorbance. Consequently, it was necessary to accumulate a
large number of data to obtain a statistically meaningful CD
spectrum. Using the conventional spectrometer, one cannot
perform an ultrafast time-resolved CD experiment. Kliger
and co-workers therefore used an ellipsometric detection
scheme to carry out time-resolved CD measurement. How-
ever, the time resolution reached by this technique is in nano-
second timescale. Therefore, any dynamical event involving
changes of molecular chirality with timescale faster than that
could not be studied by using the method. In the case of
VCD or vibrational ORD �VORD�, the detection of vibra-
tional OA �VOA� signal is even more challenging due to the
low sensitivity of IR detector, which prohibits a systematic
development of time-resolved VOA spectroscopy.

In this section, we will show that by measuring the per-
pendicular FID polarization component with respect to the
incident beam polarization direction,31,32,39,40 one can obtain
both the CD and ORD spectra simultaneously by taking the
Fourier transform of the measured polarization, by dispers-
ing the polarization directly with monochromator, or by us-
ing the multichannel array detector coupled with a dispersive
device. A detailed experimental scheme proposed will be dis-
cussed later. The incident beam propagation direction is
again assumed to be along the Z-axis in a space-fixed frame,

i.e., k̂=k / �k�= ẑ. Unlike the case of the conventional CD
spectroscopy utilizing both LCP and RCP beams, the inci-
dent beam for the present case is linearly polarized and its
polarization direction is parallel to the Y-axis, �= ŷ. After the
optical sample cell, another linear polarizer is placed to se-
lect the X-component of the macroscopic polarization vector
Px�t�. Therefore, the incident beam polarization is perpen-
dicular to the detected macroscopic polarization Px�t� so that
this experimental scheme will be denoted as a cross-
polarization detection �CPD� method. With this beam con-
figuration, we find that Px

CPD�t� is given as

Px
CPD�t� =

N

V
�

0

t

d��x
CPD�t − ��F��� , �42�

where

�x
CPD�t� =

iA0�c

2c
Rxy

e−e�t� +
A0�c

2c
Rxx

e−m�t� −
A0�c

2

4ec2 Rxyz
e−q�t� .

�43�

The rotational averaged polarization Px
CPD�t� is then found to

be determined by the electric dipole–magnetic dipole term as

Px
CPD�t� =

N

V
�A0�c

2c
	�

0

t

d�Rxx
e−m�t − ��F��� . �44�

Note that the CPD polarization is linearly proportional to the
chiral polarization given in Eq. �26� as

�2iPx
CPD�t� = �Px�t� . �45�

This is an important result showing that the CPD method can
be used to measure the CD polarization directly and that the
two differ from each other by the constant of �2 and the
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phase factor exp�i /2��=i�. As mentioned above, the CPD
method does not require a subtraction of two separately mea-
sured polarizations �or absorbances� with LCP and RCP
beams. Therefore, one can achieve an ultrafast �femtosec-
ond� measurement of CD spectrum when an appropriate
heterodyne-detection method is used.

In addition to the CPD polarization mentioned above, we
will focus on another rotationally averaged polarization com-
ponent Py�t�, which is related to the electric dipole–electric
dipole response function, that is, the conventional optical
FID. The polarization direction of the incident beam is the
same as the case of the CPD scheme, but the second linear
polarizer after the sample cell is deliberately aligned to trans-
mit the Y-component of the polarization generated from the
sample. With this geometry, we find that Py�t� is given as

Py�t� =
N

V
�

0

t

d��y�t − ��F��� , �46�

where

�y�t� =
iA0�c

2c
Ryy

e−e�t� +
A0�c

2c
Ryx

e−m�t� −
A0�c

2

4ec2 Ryyz
e−q�t� . �47�

The rotational averaged polarization Py�t� is then found to be
as

Py�t� =
N

V
� iA0�c

2c
	�

0

t

d�Ryy
e−e�t − ��F��� . �48�

This result will be used to show how to retrieve the weak OA
FID polarization from the spectral interferometric measure-
ment.

VI. EMITTED SIGNAL ELECTRIC FIELD AND
SPECTRAL INTERFEROMETRY

The generated FID polarizations, Py�t� and Px�t�, of
which Fourier transforms are related to the absorption �and
dispersion� and CD �and ORD� spectra, respectively, are the
sources of generated electric fields that obey the Maxwell
equation. For the transverse component of the emitted signal
electric field Es�z , t� propagating along the z-direction, the
coupled Maxwell equation is given as

�2Es�z,t� −
1

c2

�2

�t2Es�z,t� =
4

c2

�2

�t2Ps�z,t� . �49�

Here, Es�z , t� and the rotationally averaged polarization,
Ps�z , t�, can be expressed as their respective
X-Y-components, which are given by

Es�z,t� = Es
x�z,t�x̂ + Es

y�z,t�ŷ , �50�

Ps�z,t� = Px�z,t�x̂ + Py�z,t�ŷ , �51�

where

Px�z,t� = �− iN

2V
	�

0

t

d�Rxx
e−m�t − ��Es

y�z,��

+ � N

2V
	�

0

t

d�Rxx
e−e�t − ��Es

x�z,�� , �52�

Py�z,t� = � N

2V
	�

0

t

d�Ryy
e−e�t − ��Es

y�z,��

+ � iN

2V
	�

0

t

d�Ryy
e−m�t − ��Es

x�z,�� . �53�

The second term in Eq. �53� represents the electric dipole–
magnetic dipole response induced by the X-component of the
generated electric field at z position, and it can be ignored
not only because Es

x�z , t�, which is related to the OA FID
field, is much smaller than Es

y�z , t�, but also because the elec-
tric dipole–magnetic dipole response function Ryy

e−m�t� is
much smaller than the electric dipole–electric dipole re-
sponse function Ryy

e−e�t�. On the other hand, the second term
in Eq. �52� cannot be neglected because the relative magni-
tude of Rxx

e−e�t� with respect to Rxx
e−m�t� is quite large even

though Es
x�z , t� is much smaller than Es

y�z , t�. Taking into
consideration of these facts, one can rewrite the coupled
Maxwell equation separately as

�2Es
x�z,t� −

1

c2

�2

�t2Es
x�z,t�

=
4

c2

�2

�t2��− iN

2V
	�

0

t

d�Rxx
e−m�t − ��Es

y�z,��

+ � N

2V
	�

0

t

d�Rxx
e−e�t − ��Es

x�z,��� , �54�

�2Es
y�z,t� −

1

c2

�2

�t2Es
y�z,t�

�
4

c2

�2

�t2� N

2V
	�

0

t

d�Ryy
e−e�t − ��Es

y�z,�� . �55�

By Fourier transforming Eq. �55�, one can easily solve it in
the frequency domain and, we find that

Es
y�z,�� � Es

y�0,��exp�ik�z� , �56�

where

Es
y�0,�� = �

0




dtE0f�t�ei��−�c�t, �57�

k���� =
�

c
�1 + 4	����1/2. �58�

Here, 	��� is the linear susceptibility, i.e.,

	��� = �
0




dt	�t�ei�t, �59�

where

	�t� =
N

2V
Ryy

e−e�t� . �60�

Now, one can obtain the X-component of the emitted signal
electric field Es

x�z , t� at z position, which corresponds to the
OA FID field, by solving Eq. �54� with Es

y�z ,�� in Eq. �56�.
By invoking the slowly varying-amplitude approximation
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and Fourier transforming both sides of Eq. �54�, the equation
can be rewritten as

ik�
�

�z
E0

x�z,�� �
i�2

c2 �	���E0
y��� , �61�

where

�	��� � 	L��� − 	R��� = �
0




dt�N

V
	Rxx

e−m�t�ei�t, �62�

and E0
x�z ,�� and E0

y��� are the amplitudes of the X- and
Y-components of the electric field, respectively. For 1
+4	�����4	����, the emitted OA FID field after pass-
ing through the sample with length L is given as

Ẽs
x�L,�� �

�L

cn���
�	���Ẽs

y�L,�� . �63�

This is the principal result of this paper. It shows that the
complex susceptibility containing information on the CD and
ORD can be obtained by measuring the two electric field

spectra Ẽs
x��� and Ẽs

y���.
From the relationship in Eq. �63�, the CD ��A� and ORD

���� spectra can be retrieved from the measurements of the
X- and Y-components of the generated signal field Es��� as

�A��� =
��a���L

2.303
=

4�L

2.303n���c
Im��	����

=
4

2.303
Im� Ẽs

x���

Ẽs
y���

� , �64�

����� =
�n����L

2c
=

�L

n���c
Re��	����

=
�2

2
Re� Ẽs

x���

Ẽs
y���

� . �65�

Note that the optical rotation angle is defined as a half of the
phase change between LCP and RCP after passing through
the sample length L.

Now, let us consider the Fourier transform spectral inter-
ferometric �FTSI� detection of the emitted electric fields in
Eqs. �56� and �63� by using the Mach–Zehnder interferom-
eter �Fig. 1�. Although a related wave-packet interferometric
method has been shown to be useful in obtaining amplitude-

level information on nuclear wave packets for electronic
chromophores,41–44 the FTSI method has been shown to be
quite versatile and easy to implement in a variety of linear
and nonlinear optical signal field detections. The incident
pulse is separated into two parts. For the measurement of

Ẽs
y���, the Y-polarized pulse is injected into the solution

sample containing chiral molecules and the Y-polarized emit-
ted FID signal field is selected by using two linear polarizers
�LP1, LP2� that are placed before and after the sample cell. A
translational stage is used to deliberately delay the FID sig-

nal field with respect to the reference field Ẽ0���. In the
second arm of the Mach–Zehnder interferometer, another lin-
ear polarizer �LP0� is placed to make the reference pulse
being polarized along the Y-direction.

Second, for the measurement of Ẽs
x���, the LP2 and the

LP0 are rotated to the X-axis with the LP1 being Y-polarized
and only the X-polarized FID field is detected. The reference
pulse and X- or Y-polarized FID signal field are added to-
gether and the total signals are dispersed to measure the en-
tire spectra. In the present FTSI heterodyne-detection mea-

surement, Ẽs
x,y��� and Ẽ0��� are the FID signal fields and the

reference pulse spectra, respectively. The signal detected at
the output of the spectrometer reads

Sx,y��� = �Ẽ0��� + Ẽs
x,y����2 = �Ẽ0����2 + �Ẽs

x,y����2

+ 2 Re�Ẽ0
����Ẽs

x,y���� . �66�

The advantages of frequency-domain interferometry over
time-domain interferometry are �1� that the entire interfero-
gram can be recorded simultaneously by using an multichan-
nel array detector and �2� that small fluctuations of the opti-
cal path do not validate the interferogram. The use of
shutters on both arms of the interferometer allows us to sub-
tract out background signals and to record the interference
part only, i.e.,

Sh
x,y��� = 2 Re�Ẽ0

����Ẽs
x,y���� . �67�

As experimentally and theoretically shown by Joffre and co-
workers, one can use a time-separated reference pulse to ob-
tain the amplitude and phase information on Es

x,y�t�, which is
complex.18 The reference pulse precedes the signal by a fixed
time delay �d. The time delay should be sufficiently large that
the overlap between the reference pulse and signal field can
be ignored, but it should be small enough to make the inter-
ference signal measurable. In that case, the interference part
of the measured signal is

Sh
x,y��� = 2 Re�Ẽ0

����Ẽs
x,y���exp�i��d�� . �68�

Then, the signal field Es
x,y��� can be obtained as

Ẽs
x,y��� =

F���t�F−1
Sh
x,y�����exp�− i��d�

2Ẽ0
����

, �69�

where F�. . .� and F−1�. . .� represent the Fourier and inverse
Fourier transformations, respectively, and ��t� is the Heavy-
side step function. The reason why the Heavyside step func-
tion is multiplied to the time-domain heterodyne-detected
signal F−1
Sh

x,y���� is to obtain the complex function

FIG. 1. Experimental setup for FTSI, based on a Mach–Zehnder interfer-
ometer. The incident laser pulse is linearly polarized along the Y-axis before
it enters into the sample cell. The second linear polarizer is placed after the
cell to select the X- or Y-polarized signal field. The reference pulse is X- or
Y-polarized and it precedes the signal field by a finite time td.; BS, beam
splitter; LP0–2, linear polarizers; MC, monochromator; Det, multichannel
array detector.
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Ẽ0
����Ẽs

x,y���exp�i��d� in Eq. �68�, by Fourier transforming
��t�F−1
Sh

x,y����. Note that the terms on the right-hand side
of Eq. �69� are experimentally measured functions. Then,
combining Eqs. �64� and �65� with Eq. �69�, we have

�A��� =
4

2.303
Im�F���t�F−1
Sh

x�����
F���t�F−1
Sh

y������ , �70�

����� =
�2

2
Re�F���t�F−1
Sh

x�����
F���t�F−1
Sh

y������ . �71�

This result shows how one can combine the CPD method
with the FTSI to measure the snapshot CD and ORD spectra
in femtosecond timescale.

VII. NUMERICAL SIMULATION STUDY

In order to demonstrate the experimental possibility, we
present a numerical simulation study for a model system. It
is assumed that the IR absorption spectrum in the frequency
range of interest consists of three normal mode transitions as
can be seen in Fig. 2�a�. The IR and VOA response functions
are

Ryy
e−e�t� = 

j=1

3

�y,j
2 e−�jt/2 sin � jt , �72�

Rxx
e−m = 

j=1

3

Im��x,jMx,j�e−�jt/2 sin � jt . �73�

The three normal mode frequencies are 2900, 2950, and
3000 cm−1 and the associated dephasing constants �� j� are
0.006, 0.004, and 0.004 fs−1. The ratios of the dipole
strengths for the three modes are 1:0.5:0.3. Since we as-
sumed exponential dephasing processes for the IR free in-
duction decay �see Eq. �72��, the lineshape of each individual
peak is given as a Lorentzian function. One can use different
dephasing models, but the main results do not depend on the
detailed dephasing model. The concentration �N /V� and path
length �L� of the sample and the absolute dipole strengths
used in the simulations were appropriately set such that the
absorbance at 2900 cm−1 is about 1. The corresponding
VCD spectrum ��A� is shown in Fig. 2�b�. It is assumed that
the rotational strengths of the three peaks have different am-
plitudes and signs and they are −1�10−5, 0.5�10−5, and
−0.3�10−5 relative to the dipole strengths, respectively.
Note that for the vibrational transition, the rotational strength
is typically four to six orders of magnitude smaller than the
dipole strength.

In order to carry out the spectral interferometric detec-
tions of IR FID as well as VOA FID, one should use a
reference pulse of which temporal intensity envelop is as-
sumed to be Gaussian with full width at half maximum of
100 fs �with respect to intensity profile� and center frequency
of 2950 cm−1. Its Fourier-transformed spectrum E0��� is
also Gaussian and shown in Fig. 2�c�. An incident pulse
Ey�0, t� before the sample, which creates vibrational coher-
ence in the sample, is also assumed to have the same tempo-

ral and spectral profiles as the reference pulse, and any dis-
tortion of its temporal shape by other optics does not occur.

As shown in Eq. �70�, to obtain the CD spectrum �A���,
one should first perform a heterodyned detection in a parallel
polarizer configuration where both LP1 and LP2 are
Y-polarized, from which F���t�F−1
Sh

y����� associated with
the IR FID field can be obtained. Strictly speaking, the Es

y���
field is not the IR FID field, but the interference field be-
tween the IR FID and the incident pulse. Since the IR FID
field destructively interferes with the incident pulse due to
the absorption process, the Es

y��� field is actually the trans-
mitted field of the incident pulse through the sample. For the
sake of notational simplicity, we will just denote it as the IR
FID field hereafter.

When the delay time �d between the reference pulse and
signal field for the FTSI measurement is set to 1 ps, the
spectral interferogram of the IR FID and the reference pulse,

Sh
y���=2 Re�Ẽ0

����Ẽs
y���exp�i��d��, was calculated and

is plotted in Fig. 3�a� �the solid line�. For the VOA FID
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FIG. 2. �a� Absorption spectrum of the model system. The three normal
mode frequencies are assumed to be 2900, 2950, and 3000 cm−1. The cor-
responding dephasing constants �� j� are 0.006, 0.004, and 0.004 fs−1, re-
spectively. The relative dipole strengths determining the IR peak intensity
are 1, 0.5, and 0.3, respectively. �b� The VCD spectrum. The relative rota-
tional strengths are assumed to be −1�10−5, 0.5�10−5, and −0.3�10−5,
respectively. �c� The Fourier-transformed spectrum of the reference pulse

Ẽ0���.
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only in Eq. �63�, one can similarly calculate Sh
x���

=2 Re�Ẽ0
����Ẽs

x���exp�i��d�� �the dashed line in Fig. 3�a��.
The two spectral interferograms shown in Fig. 3�a� are nor-
malized and the relative magnitudes of the Sh

y��� and Sh
x���

are about 1 and 5�10−6, respectively, before normalizing
them. It is noted that not only the amplitudes but also the
relative phases of interferometric peaks in the Sh

y��� and
Sh

x��� are different from one another. The ���t�F−1
Sh�����’s
for the IR �the solid line� and VOA FID �the dashed line� in
Fig. 3�b� also have different temporal shapes with respect to
each other.

As shown in the previous section �Eqs. �70� and �71��,
one can retrieve not only the VCD ��A� but also the VORD
���� spectra by analyzing these spectral interferograms ob-
tained from both X- and Y-polarized detection geometries,
and such extracted spectra are plotted in Fig. 3�c�. It is note-
worthy that the retrieved VCD spectrum �solid line� in
Fig. 3�c� is exactly the same as that shown in Fig. 2�b�, and
the resonant VORD spectrum �dashed line� is also quantita-
tively obtained without additional measurement of

frequency-dependent optical rotation angle or Kramers–
Kronig transformation. An additional advantage of the
present X- and Y-polarized detection method is that one does
not have to accurately determine the amplitude and phase of
the reference pulse nor to precisely estimate the time delay
between the signal field and the reference pulse as long as
the two interferometer arms are sufficiently stable �in terms
of phase fluctuation� so that the time delay �d is unchanged
during the measurements.

VIII. SUMMARY

In this paper, a theoretical description of femtosecond
CD spectroscopy utilizing spectral interferometric
heterodyne-detection technique was presented. Considering
the magnetic dipole–magnetic field and electric quadrupole–
electric field interactions in addition to the electric dipole–
electric field interaction, we developed a linear response
theory for the CD �and also ORD� and found that the cross-
polarization geometry can be used to selectively measure the
phase and amplitude of the optical activity free induction
decay field. Inserting the crossed linear polarizers before and
after the sample cell and allowing the OA FID field interfer-
ing with reference pulse, one can measure the OA FID spec-
tral interferogram with a properly chosen multichannel array
detector. An absolute retrieval of the CD and ORD spectra
can be achieved by the measurements of both X- and
Y-polarized signal fields because the detected X-polarized
signal field obtained by solving the coupled Maxwell equa-
tion is related to the generated Y-polarized field �the IR FID�.
For a model system with three normal modes, we carried out
numerical simulations of various observables for the Fourier-
transform OA FID spectroscopy operating in femtosecond
time scale. We finally showed that the VOA FID signal field
along with the IR FID field can be measured via the hetero-
dyned spectral interferometric method to simultaneously ex-
tract the CD and ORD spectra from their spectral interfero-
grams.
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